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Abstract
Fractal dimension constitutes the main tool to test for fractal patterns in Euclidean con-
texts. For this purpose, it is always used the box dimension, since it is easy to calculate,
though the Hausdorff dimension, which is the oldest and also the most accurate frac-
tal dimension, presents the best analytical properties. Additionally, fractal structures
provide an appropriate topological context where new models of fractal dimension for a
fractal structure could be developed in order to generalize the classical models of fractal
dimension. In this paper, we provide some counterexamples regarding these new models
of fractal dimension in order to show the reader how they behave mathematically with
respect to the classical models, and also to point out which features of such models can
be exploited to powerful effect in applications.
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1. Introduction
The analysis of fractal patterns have growth increasingly during the last years, mainly
due to the wide range of applications to diverse scientific areas where fractals have been
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explored, including physics, statistics, and economics (see, e.g., [10, 12]). It is also worth
mentioning that there has also been a special interest for applying fractals to social sciences
(see for example [8] and references therein).
It turns out that the key tool to study the complexity of a given system is the fractal
dimension, since this is its main invariant which throws quite useful information about
the complexity that it presents when being examined with enough level of detail.
We would like also to point out that fractal dimension is usually understood as the
classical box dimension, mainly in the field of empirical applications. In fact, its popularity
is due to the possibility of its effective calculation and empirical estimation. On the
other hand, the Hausdorff dimension also constitutes a powerful analytical model which
allows to “measure” the complexity of a system, at least from a theoretical point of
view. Nevertheless, though they are defined for any metric (resp. metrizable) space,
almost all the empirical applications of fractal dimension are tackled in the context of
Euclidean spaces. In addition to that, recall that box dimension is more useful for practical
applications, whereas Hausdorff dimension presents “better” analytical properties, due to
the fact that its standard definition is based on a measure. Indeed, though Hausdorff
dimension becomes the most accurate model for fractal dimension, since its definition is
quite general, it can result difficult or even impossible to calculate in practical applications.
It is worth mentioning that the application of fractal structures allows to provide
new models for a fractal dimension definition on any generalized-fractal space, and not
only on the Euclidean ones. This extends the classical theory of fractal dimension to the
more general context of fractal structures. In this way, some theoretical results have been
shown to generalize the classical models in the context of fractal structures (see, e.g.,
[13, Theorem 4.15] and [15, Theorem 3.12]). Moreover, we would like to point out that
some fractal dimensions for a fractal structure have been already succesfully applied in
non-Euclidean contexts, where the box dimension cannot be applied (see, e.g., [18, 19]).
Accordingly, when providing a new model to calculate the fractal dimension, it would
be desirable that the contributed definitions allow to calculate the fractal dimension for
a given subset as easy as the box dimension models, though one should be also mirrored
in the analytical properties satisfied by the Hausdorff dimension.
In this paper, though, we provide some counterexamples regarding some new models
of fractal dimension (described in forthcoming Subsection 2.3) in order to show the reader
how they behave mathematically with respect to the classical models, and also to point out
which features of such models can be exploited to powerful effect in further applications.
The organization of this paper is as follows. In Section 2, we provide some basic
definitions, notations, and results that are useful along this paper. In Section 3, we
provide a collection of counterexamples regarding some theoretical properties that are
often explored for new definitions of fractal dimension. Moreover, in Section 4, we describe
some features about a fractal dimension model for a fractal structure which does not
depend on any metric. In addition to that, we devote Section 5 to justify some natural
assumptions that must be satisfied in some Hausdorff dimension type definitions for a
fractal structure. It is also worth mentioning that some counterexamples regarding the
fractal dimension of IFS-attractors are contained in Section 6. Finally, in Section 7, we
establish that some of the fractal dimension definitions for a fractal structure that we
analyze along this paper, do not coincide, in general.
2
2. Preliminaries
In this section, we provide all the necessary mathematical background for this paper,
including definitions, notions, and theoretical results.
Along this paper, let I = {1, . . . , k} be a finite set of indices.
2.1. Classical models for fractal dimension
Next, we recall the definition of the standard box dimension. As [10, Subsection 3.6]
points out, its origins become quite hard to trace, though it seems that it would have
been considered previously by the Hausdorff dimension pioneers, who rejected it at a first
glance due to its lack of theoretical properties. Anyway, the standard definition of box
dimension that we recall next, was firstly provided in [22].
Definition 2.1. The (lower/upper) box dimension for any subset F ⊆ Rd is given by the
following (lower/upper) limit:
dim B(F ) = lim
δ→0
logNδ(F )
− log δ ,
where Nδ(F ) is the number of δ-cubes that intersect F .
Recall that a δ-cube in Rd is a set of the form [k1 δ, (k1 + 1) δ] × . . . × [kd δ, (kd +
1) δ], with k1, . . . , kd ∈ Z. It is also worth mentioning that the formula contained in
Definition 2.1 could be properly discretized through δ = 1/2n : n ∈ N, which becomes
specially appropriate for computational purposes [18]. Some alternatives to calculate the
box dimension could be found out in [10, Equivalent definitions 3.1], where equivalent
expressions to calculate Nδ(F ) are provided. Moreover, notice that in both [14, Theorem
3.5] and [11, Equivalent definitions 2.1], the equivalence among all of these alternative
approaches to calculate the box dimension are shown.
On the other hand, in 1919, Hausdorff applied a methodology developed by Carathe´o-
dory some years earlier (see [9]) in order to define the measures that now bear his name,
and showed that the middle third Cantor set has positive and finite measure whose di-
mension is equal to log 2/ log 3 [20]. In addition to that, a detailed study regarding the
analytical properties of both the Hausdorff measure and dimension was mainly developed
by Besicovitch and his pupils afterwards (see, e.g., [6, 7]).
Along this paper, we will define the diameter of a given subset A of any metric space
(X, ρ), as usual, by diam (A) = sup{ρ(x, y) : x, y ∈ A)}. Next, let us recall the standard
construction regarding the Hausdorff dimension. Let δ > 0. Thus, for any subset F of
X, we recall that a δ-cover of F is just a countable family of subsets {Uj}j∈J , such that
F ⊆ ⋃j∈J Uj, where diam (Uj) ≤ δ, for all j ∈ J . Moreover, let Cδ(F ) be the collection of
all δ-covers of F , and let us consider the following quantity:
Hsδ(F ) = inf
{∑
j∈J
diam (Uj)
s : {Uj}j∈J ∈ Cδ(F )
}
.
Interestingly, the next limit always exists:
HsH(F ) = lim
δ→0
Hsδ(F ),
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which is named as the s-dimensional Hausdorff measure of F . Thus, the Hausdorff di-
mension of F is fully determined as the unique point s, where the s-dimensional Hausdorff
measure “jumps” from ∞ to 0, namely,
dimH(F ) = inf{s : HsH(F ) = 0} = sup{s : HsH(F ) =∞}. (1)
2.2. Fractal structures and the natural fractal structure on any Euclidean subspace
The concept of fractal structure, which naturally appears in several topics regarding
Asymmetric Topology [23], was first introduced in [1] to characterize non-Archimedeanly
quasi-metrizable spaces. Afterwards, in [4], it was applied to deal with IFS-attractors. It
is worth mentioning that fractal structures do constitute a powerful tool to develop new
fractal dimension models that allow to calculate the fractal dimension over a wide range
of (non-Euclidean) spaces and contexts (see, e.g., [18]).
Recall that a family Γ of subsets of a given space X is said to be a covering, if
X =
⋃{A : A ∈ Γ}.
Next, we provide the definition of a fractal structure on a set X. In fact, let Γ1 and
Γ2 be any two coverings of X. Recall that Γ1 ≺ Γ2 means that Γ1 is a refinement of
Γ2, namely, for all A ∈ Γ1, there exists B ∈ Γ2, such that A ⊆ B. In addition to that,
Γ1 ≺≺ Γ2 denotes that Γ1 ≺ Γ2, and also that, for all B ∈ Γ2, B =
⋃{A ∈ Γ1 : A ⊆ B}.
Hence, a fractal structure on a set X is a countable family of coverings of X, Γ = {Γn}n∈N,
such that Γn+1 ≺≺ Γn, for all n ∈ N. In this way, covering Γn is called level n of the
fractal structure Γ.
A fractal structure induces a transitive base of quasi-uniformity (and hence a topology)
given by the transitive family of entourages UΓn = X \
⋃{A ∈ Γn : x /∈ A}, where n ∈ N.
To simplify the theory, the levels in a fractal structure will not be coverings in the
usual sense. Instead of this, we allow that a set can appear twice or more in any level
of a fractal structure. Also, we would like to point out that a fractal structure Γ is
said to be finite provided that all its levels Γn are finite coverings. Further, a fractal
structure Γ is said to be locally finite, if for each level n in that fractal structure, it holds
that any point x ∈ X belongs to a finite number of elements A ∈ Γn. In general, if Γn
satisfies a certain property P , for all n ∈ N, and Γ = {Γn}n∈N is a fractal structure on
X, then we will say that Γ is a fractal structure within the property P , and also that
(X,Γ) is a GF-space with that property. In addition, if Γ is a fractal structure on X,
and St(x,Γ) = {St(x,Γn) : n ∈ N} is a neighborhood base of x for each x ∈ X, where
St(x,Γn) =
⋃{A ∈ Γn : x ∈ A}, then Γ is said to be a starbase fractal structure. It is
worth mentioning that starbase fractal structures are connected with metrizability (see
[2, 3]).
On the other hand, it turns out that any Euclidean space Rd can always be equipped
with a natural fractal structure, which satisfies some interesting topological properties.
In fact, such a natural fractal structure, which was first described in [14, Definition 3.1],
is locally finite, starbase and induces the usual topology.
Definition 2.2. The natural fractal structure on a Euclidean space Rd is given by the
countable family of coverings Γ = {Γn}n∈N, whose levels are
Γn =
{[
k1
2n
,
k1 + 1
2n
]
× . . . ×
[
kd
2n
,
kd + 1
2n
]
: k1, . . . , kd ∈ Z
}
.
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In particular, a natural fractal structure induced on real subsets could also be con-
sidered from Definition 2.2. For instance, the natural fractal structure (on the real line)
induced on the closed unit interval [0, 1], could be defined as the countable family of
coverings Γ = {Γn}n∈N, whose levels are given by Γn = {[ k2n , k+12n ] : k ∈ {0, 1, . . . , 2n−1}}.
2.3. Theoretical models for fractal dimension based on fractal structures
Next, we recall our two first models of fractal dimension for a fractal structure, namely,
both fractal dimensions I & II. Thus, as it happens with classical box dimension, these
models of fractal dimension do not have always to exist. This is the reason for which we
have to define them through lower/upper limits, too.
Definition 2.3 (Box dimension type models for a fractal structure). Let Γ be a fractal
structure on a distance space (X, ρ), F be a subset of X, and Nn(F ) be the number of
elements in level n that intersect F . Thus,
(1) the (lower/upper) fractal dimension I for F is given by the (lower/upper) limit:
dim 1Γ(F ) = lim
n→∞
logNn(F )
n log 2
.
(2) The (lower/upper) fractal dimension II for F is defined as the (lower/upper) limit:
dim 2Γ(F ) = lim
n→∞
logNn(F )
− log δ(F,Γn) ,
where δ(F,Γn) = sup{diam (A) : A ∈ An(F )} is the diameter of F in each level of
the fractal structure, and An(F ) = {A ∈ Γn : A ∩ F 6= ∅}.
It turns out that both fractal dimensions I & II do generalize the box dimension in
the context of Euclidean spaces equipped with their natural fractal structures (see [14,
Theorem 4.7]).
It is worth mentioning that the fractal dimension definition for a fractal structure we
provide next, could be understood as a hybrid model, since its definition is made, someway,
as a discrete version regarding the Hausdorff dimension, though it also generalizes the
classical box dimension, too.
Definition 2.4. Let Γ be a fractal structure on a metric space (X, ρ), F be a subset of
X, and assume that δ(F,Γn)→ 0. Given n ∈ N, let us also consider the next expression:
Hsn,3(F ) = inf
{∑
j∈J
diam (Aj)
s : {Aj}j∈J ∈ An,3(F )
}
,
where An,3(F ) = {{A ∈ Γl : A ∩ F 6= ∅} : l ≥ n}. Define also
Hs3(F ) = lim
n→∞
Hsn,3(F ).
Thus, the fractal dimension III for F is defined as the following non-negative real number:
dim 3Γ(F ) = inf{s : Hs3(F ) = 0} = sup{s : Hs3(F ) =∞}.
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Unlike it happens with fractal dimensions I & II (recall Definition 2.3), fractal dimen-
sion III always exist (see [13, Remark 4.4]). This is mainly due to the fact that Hsn,3 is a
monotonic sequence in each natural number n. Moreover, [13, Theorem 4.15] shows that
fractal dimension III generalizes box dimension (as well as fractal dimensions I & II) in the
context of Euclidean spaces equipped with their natural fractal structures. Interestingly,
it also turns out that fractal dimension III can be estimated as easy as the standard box
dimension in empirical applications. For additional details, we refer the reader to [13],
and specially to Theorem 4.7, therein, since it provides a handier expression to calculate
the fractal dimension III through the families An(F ). In fact, to deal with, the following
quantity allows us to calculate the fractal dimension III for a given subset F of X:
Hsn(F ) =
∑
{diam (A)s : A ∈ An(F )}.
The last step in this subsection is to describe three more models for a fractal dimension
definition (with respect to any fractal structure) following the spirit of the Hausdorff
dimension. Thus, while the first one is specially interesting, since its description is made
in terms of finite coverings (which allowed the authors in [16] to contribute the first-known
overall algorithm to calculate the Hausdorff dimension), the remaining definitions become
close approaches to the classical Hausdorff dimension. In fact, while upcoming fractal
dimension V is a discrete version regarding the Hausdorff model, the fractal dimension
VI provides a continuous approach for that in terms of δ-covers.
Definition 2.5 (Hausdorff dimension type models for a fractal structure). Let Γ be a
fractal structure on a metric space (X, ρ), F be a subset of X, and assume that δ(F,Γn)→
0. Thus, let us consider the following expressions:
(1) given n ∈ N:
Hsn,k(F ) = inf
{∑
j∈J
diam (Aj)
s : {Aj}j∈J ∈ An,k(F )
}
,
where An,k(F ) is given, in each case, by:
(i) {{Aj}j∈J : Aj ∈
⋃
l≥n Γl,∀ j ∈ J, F ⊆
⋃
j∈J Aj,Card (J) <∞}, if k = 4;
(ii) {{Aj}j∈J : Aj ∈
⋃
l≥n Γl,∀ j ∈ J, F ⊆
⋃
j∈J Aj}, if k = 5.
Define also:
Hsk(F ) = lim
n→∞
Hsn,k(F ),
for k = 4, 5. Thus, the fractal dimension IV (resp. V) for F is defined as the non-
negative real value satisfying the following identity:
dim kΓ(F ) = inf{s : Hsk(F ) = 0} = sup{s : Hsk(F ) =∞}.
(2) Given δ > 0:
Hsδ,6(F ) = inf
{∑
j∈J
diam (Aj)
s : {Aj}j∈J ∈ Aδ,6(F )
}
,
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where Aδ,6(F ) is defined as
Aδ,6(F ) =
{
{Aj}j∈J : Aj ∈
⋃
l∈N
Γl, ∀ j ∈ J, diam (Aj) ≤ δ, F ⊆
⋃
j∈J
Aj
}
.
Let us consider also
Hs6(F ) = lim
δ→0
Hsδ,6(F ).
Hence, the fractal dimension VI for F is given by
dim 6Γ(F ) = inf{s : Hs6(F ) = 0} = sup{s : Hs6(F ) =∞}.
In Definition 2.5, we consider that inf ∅ = ∞. Thus, whether An,4(F ) = ∅ (resp.
An,5(F ) = ∅ or Aδ,6(F ) = ∅) for some F ⊂ X, then dim 4Γ(F ) =∞ (resp. dim 5Γ(F ) =∞
or dim 6Γ(F ) =∞). It is worth mentioning that Table 1 in Section 3 provides a schematic
comparison regarding the analytical properties that are satisfied by all the fractal dimen-
sions studied along this paper. Surprisingly, it turns out that fractal dimension IV would
not seem to be interesting enough in the light of the properties it satisfies, since they are
the same as box dimension does. However, though its definition is made in terms of finite
coverings, it holds that both fractal dimension IV and Hausdorff dimension coincide for
compact Euclidean subspaces (see [15, Theorem 3.13 & Corollary 3.14 (2)]). This theo-
retical fact allowed the authors therein to provide the first-known procedure to calculate
the Hausdorff dimension in practical applications (see [16, Algorithm 3.1]). On the other
hand, fractal dimension IV also becomes an intermediate model between the box and the
Hausdorff dimensions (for additional details, we refer the reader to [15, Remark 3.15]).
On the other hand, fractal dimensions V & VI do also generalize the Hausdorff model
in the context of Euclidean subspaces equipped with their natural fractal structures (see
[15, Corollary 3.11]).
2.4. IFS-attractors. The natural fractal structure on IFS-attractors. The open set condi-
tion
First, let f : X −→ X be a self-map defined on a metric space (X, ρ). Recall that f is
said to be a Lipschitz self-map, whenever it satisfies that ρ(f(x), f(y)) ≤ c ρ(x, y), for all
x, y ∈ X, where c > 0 is the Lipschitz constant associated with f . In particular, if c < 1,
then f is said to be a contraction, and we will refer to c as its contraction factor. Further,
if the equality in the previous expression is reached, namely, ρ(f(x), f(y)) = c ρ(x, y), for
all x, y ∈ X, then f is called a similarity, and its Lipschitz constant is its similarity factor,
too.
Definition 2.6. For a metric space (X, ρ), let us define an IFS as a finite family F =
{fi}i∈I , where fi is a contraction, for all i ∈ I. Thus, the unique compact set A ⊂ X,
which satisfies that A =
⋃
f∈F f(A), is called the attractor of the IFS F , or IFS-attractor,
as well. Further, it is also called a self-similar set. If, in addition to that, all the fi
mappings are similarities, then we will say that A is a strict self-similar set.
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It is a standard fact from Fractal Theory that there exists an atractor for any IFS on
a complete metric space.
IFS-attractors can be always equipped with a natural fractal structure, which was
first sketched in [5], and formally defined later in [4, Definition 4.4]. Next, we recall the
description of such a fractal structure, which becomes essential onwards.
Definition 2.7. Let F be an IFS, whose associated IFS-attractor is K. The natural
fractal structure on K is defined as the countable family of coverings Γ = {Γn}n∈N, where
Γn = {fω(K) : ω ∈ In}, for each n ∈ N. It is worth mentioning that, for a given natural
number n, and each word ω = ω1 ω2 . . . ωn ∈ In, we denote fω = fω1 ◦ . . . ◦ fωn.
Remark 2.8. Another appropriate description for the levels in such a natural fractal
structure can be carried out as follows: Γ1 = {fi(K) : i ∈ I}, and Γn+1 = {fi(A) : A ∈
Γn, i ∈ I}, for all n ∈ N.
On the other hand, the open set condition (OSC in short) becomes a relevant hypoth-
esis required to the similarities fi of an Euclidean IFS F , in order to guarantee that the
pieces fi(K) of the corresponding IFS-attractor K do not overlap too much. Technically,
such a condition is satisfied if and only if there exists a non-empty bounded open subset
V ⊂ Rd, such that ⋃i∈I fi(V ) ⊂ V , where that union remains disjoint (see, e.g., [10,
Section 9.2]).
2.5. The classical Moran’s Theorem
In [21, Theorem III] (or see [10, Theorem 9.3]), it was provided a quite interesting
result which allows the calculation of the box dimension for a certain class of Euclidean
self-similar sets through the solution of an easy equation only involving a finite number of
quantities, namely, the similarity factors that give rise to its corresponding IFS-attractor.
Such a classical result is described next.
Moran’s Theorem. (1946) Let F be an Euclidean IFS satisfying the OSC, whose associ-
ated IFS-attractor is K. Let us assume that ci is the similarity factor associated with each
similarity fi. Then dimH(K) = dim B(K) = s, where s is given by the next expression:
k∑
i=1
csi = 1. (2)
Further, for this value of s, it is satisfied that HsH(K) ∈ (0,∞).
It is worth mentioning that Moran also provided in [21, Theorem II] a weaker version
for the result above, under the assumption that all the similarities are equal.
3. Counterexamples regarding theoretical properties for a fractal dimension
definition
Next theorem, which can be found along [10, Section 2.2], contains some analytical
properties that are satisfied by our key reference for a fractal dimension definition, namely,
the Hausdorff dimension. These properties will be used along this section for comparative
purposes regarding our models of fractal dimension for a fractal structure as well as the
classical ones, namely, both the Hausdorff and the box dimensions.
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Theorem 3.1. (1) Monotonicity: if E ⊆ F , then dimH(E) ≤ dimH(F ).
(2) Finite stability: dimH(E ∪ F ) = max{dimH(E), dim (F )}.
(3) Countable stability: if {Fi}i∈I is a countable collection of sets, then
dimH
(⋃
i∈I
Fi
)
= sup{dimH(Fi) : i ∈ I}.
(4) Countable sets: if F is a countable set, then dimH(F ) = 0.
(5) In general, it is not satisfied that dimH(F ) = dimH(F ).
It is worth mentioning that the latter property, which we will refer to as cl − dim ,
herein, would not be desired (at least at a first glance) to be satisfied by any frac-
tal dimension definition. The key reason was given in [10, Subsection 3.2]. Indeed, if
dim (F ) = dim (F ), for any subset F of X, then it turns out that a “small” (count-
able) set of points can wreak havoc with the dimension, since it may be non-zero. This
constitutes a technical reason that makes the box dimension be seriously limited from a
theoretical point of view. A proof for the properties contained in Theorem 3.1 regarding
the box dimension can be found in [10, Subsection 3.2]. Interestingly, as stated in [10,
Chapter 3], it turns out that all fractal dimension definitions are monotonic, and most of
them are finitely stable. However, some common definitions do not satisfy the countable
stability property, and even they may throw positive values for the dimensions of certain
countable sets. In fact, this is the case of box dimension.
Recall that upcoming Table 1 provides a schematic summary regarding the properties
from Theorem 3.1 that are satisfied by each fractal dimension definition. We would like
to point out that the absence of a 3 sign in that table has been properly justified by an
appropriate counterexample along the present Section 3.
[Table 1 about here.]
Firstly, we would like to highlight that fractal dimensions I, II, III & IV are not
countably stable. In fact, as we will show next, there exist countable Euclidean subsets
(equipped with an induced natural fractal structure), whose fractal dimensions I, II, III
& IV are non-zero. Recall that fractal dimensions I and III are someway expected to
not satisfy such a property, since their description is similar to the box dimension (in
the case of fractal dimension I), or at least, they generalize it in the context of Euclidean
spaces equipped with their natural fractal structures (as it happens with fractal dimension
III, see [13, Theorem 4.15], but also with fractal dimension I, see [14, Theorem 3.5]).
Surprisingly, fractal dimension IV, which matches the Hausdorff dimension for compact
Euclidean subsets from a discrete point of view (recall [15, Theorem 3.13]), does not
satisfy such a property, too.
Counterexample 3.2. There exists a countable subset F of X, such that dim kΓ(F ) 6= 0,
for a certain fractal structure Γ, where k = 1, 2, 3, 4.
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Proof. Let us consider X = [0, 1], F = Q ∩X, and Γ be the natural fractal structure on
X, whose levels are defined as in Eq. (3).
(i) (See [14, Proposition 3.6 (4)]). Hence, Nn(F ) = 2
n, so dim 1Γ(F ) = dim
2
Γ(F ) = 1.
(ii) (See [13, Proposition 4.16 (2)]). Since fractal dimension III generalizes fractal di-
mension I in the context of Euclidean spaces equipped with their natural fractal
structures (see [13, Theorem 4.15]), then dim 3Γ(F ) = dim
1
Γ(F ) = 1, just applying
the arguments stated previously for Counterexample 3.2 (i).
(iii) (See [15, Proposition 3.4 (1)]). F is a countable subset such that F = [0, 1]. Thus,
[15, Theorem 3.13] leads to dim 4Γ(F ) = dimH(F ) = 1.
On the other hand, it is worth mentioning that fractal dimension II, which generalizes
fractal dimension I, in the sense that it allows additionally that different diameter sets
could appear in each level of the fractal structure, not even satisfies the finite stability
property (and hence, this cannot be countably stable, too), as the following counterexam-
ple states. Thus, it turns out that all the fractal dimension definitions considered along
this paper are finitely stable with the exception of fractal dimension II (see Table 1).
Counterexample 3.3. ([14, Example 4]) Neither the lower fractal dimension II nor the
upper fractal dimension II are finitely stable.
Proof. In fact, let Γ1 be the natural fractal structure on C1 as an IFS-attractor, where
C1 is the middle third Cantor set on [0, 1]. Additionally, let also Γ2 be a fractal structure
on C2 = [2, 3], defined as Γ2 = {Γ2,n}n∈N, where
Γ2,n =
{[ k
22n
,
k + 1
22n
]
: k ∈ {22n+1, 22n+1 + 1, . . . , 3 22n − 1}
}
.
Thus, let Γ = {Γn}n∈N be a fractal structure on C = C1 ∪ C2, where its levels are given
by Γn = Γ1,n ∪ Γ2,n. Finally, simple calculations lead to dim 2Γ(C1) = log 2/ log 3, as well
as to dim 2Γ(C2) = 1, whereas dim
2
Γ(C) = log 4/ log 3 > 1.
As a consequence of both Counterexamples 3.2 and 3.3, it holds that neither of those
fractal dimension models involved therein, namely, fractal dimensions I, II, III, and IV,
is countably stable. To deal with, recall that unlike fractal dimensions I and II, it holds
that fractal dimensions III and IV do always exist.
Corollary 3.4. Neither the (lower/upper) fractal dimensions I, II, nor the fractal dimen-
sions III, IV are countably stable.
The following counterexample points out that fractal dimensions I, II, III, V, and VI,
do not satisfy the cl − dim property.
Counterexample 3.5. There exist a subset F of a certain space X, as well as a locally
finite starbase fractal structure Γ, such that dim kΓ(F ) 6= dim kΓ(F ), for k = 1, 2, 3, 5, 6.
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Proof. (i) (See [14, Proposition 3.6 (5)]). Let Γ = {Γn}n∈N be a fractal structure defined
on X = ([0, 1]× {0}) ⋃ {{ 1
2n
} × [0, 1] : n ∈ N}, whose levels are given by
Γn =
{[ k
2n
,
k + 1
2n
]
× {0} : k ∈ {0, 1, . . . , 2n − 1}
}
⋃ {{ 1
2m
}
×
[ k
2n
,
k + 1
2n
]
: k ∈ {0, 1, . . . , 2n − 1},m ∈ N
}
.
(see Fig. (1) for a sketch regarding the first level of that fractal structure).
[Figure 1 about here.]
Moreover, let F =
⋃
k∈N(
1
2k+1
, 1
2k
) × {0}, be a subset of X. Thus, F = [0, 1] × {0},
which implies that Nn(F ) = 2
n, and Nn(F ) = ∞. Hence, dim 1Γ(F ) = 1, and
dim 1Γ(F ) =∞, respectively. These arguments also become valid in order to justify
that fractal dimension II does not satisfy the cl − dim property, too. In fact,
recall that fractal dimension II generalizes fractal dimension I (in the sense of [14,
Theorems 4.6 & 4.7]), so any counterexample valid for fractal dimension I, still
remains valid for fractal dimension II.
(ii) (See [13, Proposition 4.16 (4)]). Let us consider the same list (F,X,Γ), as provided
in Counterexample 3.5 (i). Thus, dim 3Γ(F ) = 1, whereas Hsn(F ) =
∑2n−1
i=0
1
2ns
+∑∞
i=1
1
2ns
=∞, which implies that dim 3Γ(F ) =∞.
(iii) (See [15, Proposition 3.4 (4)]). Let Γ be the natural fractal structure on X = [0, 1],
namely, Γ = {Γn}n∈N, whose levels are defined as
Γn =
{[ k
2n
,
k + 1
2n
]
: k ∈ {0, 1, . . . , 2n − 1}
}
, (3)
and let F = Q ∩X. Thus, F is a countable subset such that F = [0, 1]. Moreover,
since fractal dimensions V, VI are countably stable, due to [15, Proposition 3.4 (3)]),
then dim 5Γ(F ) = dim
6
Γ(F ) = 0. However, dim
5
Γ(F ) = dimH(F ) = dim
6
Γ(F ) = 1,
since both fractal dimensions V, VI do generalize the Hausdorff dimension on a
Euclidean subspace with the natural fractal structure (see [15, Corollary 3.11]).
4. Some differences between fractal dimensions I & II
Recall that fractal dimension I model, which was introduced previously in Definition
2.3 (1), actually considers all the elements in each level of a given fractal structure as
having the same “size”, equal to 1/2n. According to that, the natural fractal structure
which any Euclidean space can be equipped with, allows to calculate the box dimension
through another kind of tilings, such as triangulations on the plane, for instance. In
particular, this fact becomes quite interesting since any compact surface always owns a
triangulation.
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On the other hand, if in addition to the fractal structure, a distance function is avail-
able in the space, then this could be applied to “measure” the size of the elements in each
level of the fractal structure at the same time we use the fractal structure. This is the
case, for instance, of any Euclidean space, where we can always consider both the natural
fractal structure as well as the Euclidean metric.
The next counterexample points out that fractal dimension I depends on a fractal
structure, whereas the upcoming remark establishes that fractal dimension II also depends
on a metric.
Counterexample 4.1. ([14, Remark 3.11]) Fractal dimension I depends on the fractal
structure we choose in order to calculate it. Mathematically, let X be a subspace of
an Euclidean space. Then there exist a subset F of X, as well as two different fractal
structures, Γ1 and Γ2, such that dim
1
Γ1
(F ) 6= dim 1Γ2(F ).
Proof. Firstly, let Γ1 be the natural fractal structure on the middle third Cantor set
C. Thus, by [14, Theorem 3.5], dim 1Γ1(C) = dim B(C) = log 2/ log 3, where the second
equality holds by [10, Example 3.3]. On the other hand, let Γ2 be the natural fractal
structure on C as a self-similar set (recall Definition 2.7). Then easy calculations lead to
dim 1Γ2(C) = 1, since in each level Γ2,n of the fractal structure Γ2, there are 2
n “subinter-
vals” whose lengths are equal to 1/3n.
Remark 4.2. ([14, Remark 4.9]) In Counterexample 4.1, it was shown that the fractal
dimension I and the box dimension for the middle third Cantor set C are not equal. In
fact, recall that dim B(C) = log 2/ log 3, whereas dim
1
Γ(C) = 1. Notice that such fractal
dimensions have been calculated with respect to different fractal structures. In fact, while
the natural fractal structure on C as an Euclidean subset has been applied to calculate the
box dimension, the natural fractal structure on C as a self-similar set has been chosen for
fractal dimension I calculation purposes. However, if the natural fractal structure on C as
a self-similar set is chosen again, then simple calculations allow to prove both the fractal
dimension II and the box dimension for C are equal:
dim 2Γ(C) = lim
n→∞
log 2n
− log 3−n =
log 2
log 3
= dim B(C),
since in level n of that fractal structure, there are 2n “subintervals” whose diameters are
equal to 1/3n.
According to that, the fractal dimension II value for the middle third Cantor set
(equipped with its natural fractal structure as an Euclidean subpace) agrees with the
box dimension for such a self-similar set. Even more, though the value obtained for the
fractal dimension I of C may seem counterintuitive at a first glance, it still becomes
possible to justify it through its fractal dimension II. Once again, the key reason lies in
the advanced fact that fractal dimension I only depends on the chosen fractal structure.
This is emphasized in the following remark.
Remark 4.3. ([14, Remark 4.10]) Fractal dimension I only depends on a fractal structure,
whereas fractal dimension II also depends on the (“maximum”) diameter of the elements
in each level of that fractal structure. To show this underlying difference, we construct a
family of spaces such that from the point of view of fractal structures are the same.
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Proof. To deal with, let us consider slight modifications regarding the standard middle
third Cantor set C, which we will refer to as Ci. Further, let us assume that their
associated similarity factors are ci ∈ [13 , 12), for each of the two similarities that give rise to
Ci. Hence, δ(Ci,Γn) = c
n
i , for all n ∈ N. In addition to that, let us consider the natural
fractal structure on each space Ci as a self-similar set, denoted by Γi : i = 1, 2. Then easy
calculations lead to (or apply [14, Theorem 4.19], as well):
dim B(Ci) = dim
2
Γ(Ci) =
log 2
− log ci −→ 1 = dim
1
Γ(C),
wherever ci → 1/2.
5. Justifying some requirements to several fractal dimension definitions re-
garding fractal structures
In this section, we provide some counterexamples in order to justify some properties,
than being quite natural to be assumed regarding the levels of a fractal structure, have
to be required to guarantee that fractal dimensions III, IV and V, do behave like the
Hausdorff dimension (see Fig. (2) at the end of this section). This has been carried
out along forthcoming Subsection 5.2. Previously, in Subsection 5.1, we explain why the
expression δ(F,Γn) should be used for fractal dimension II calculation purposes, instead
of δ(Γn), which would be, at least a first glance, another valid option.
5.1. Why δ(F,Γn) is used for fractal dimension II instead of δ(Γn).
As it was stated previously, the fractal dimension II for any subset F of X, “measures”
the size of the elements in any level of a fractal structure through a distance function.
This is done by means of δ(F,Γn) = sup{diam (A) : A ∈ An(F )}, where An(F ) = {A ∈
Γn : A ∩ F 6= ∅}. On the other hand, it seems that δ(Γn) = sup{diam (A) : A ∈ Γn}
could be considered, at least at a first glance, in Definition 2.3 (2), instead of δ(F,Γn).
However, δ(F,Γn) yields a wider applied dimension than δ(Γn), as it is shown next.
Counterexample 5.1. There exist a bounded Euclidean subset F , a fractal structure Γ on
Rd, and a natural number n0, such that δ(Γn) =∞, for all n ∈ N, whereas δ(F,Γn) <∞,
for all n ≥ n0.
Proof. In fact, let Γ = {Γn}n∈N, be a finite fractal structure defined on the Euclidean
space Rd, whose levels are defined by
Γn =
{[
k1
2n
,
k1 + 1
2n
]
× . . . ×
[
kd
2n
,
kd + 1
2n
]
: k1, . . . , kd ∈ {−n2n, . . . , n2n − 1}
}
∪ {Rd \ (−n, n)d}.
Hence, for any bounded subset F of Rd, it holds that δ(Γn) = ∞, for all n ∈ N, where
such a “diameter” has been calculated with respect to the Euclidean distance. However,
there exists a natural number n0, such that δ(F,Γn) <∞, for all n ≥ n0.
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5.2. Why δ(F,Γn) must be a 0-convergent decreasing sequence in several Hausdorff type
models of fractal dimension for a fractal structure
Next, we point out that the “natural” assumption consisting of δ(F,Γn)→ 0 becomes
necessary to guarantee that some Hausdorff type fractal dimensions for a fractal structure,
do indeed behave like that classical model.
Counterexample 5.2. If δ(F,Γn) → 0, then inf{s : Hsk(F ) = 0} = sup{s : Hsk(F ) =
∞}, for k = 3, 4, 5. Otherwise, that equality cannot be guaranteed, in general.
Proof. In fact, let Γ = {Γn}n∈N, be a fractal structure defined on X = [0, 1], whose levels
are given as
Γn =
{[
0,
1
2
]
,
[
1
2
, 1
]}⋃{[ k
2n
,
k + 1
2n
]
: k ∈ {1, . . . , 2n − 1}
}
.
Then the four following hold for all n ∈ N:
• δ(X,Γn) = 1/2.
• Moreover,
Hsn,3(X) = inf
{
2
2s
+ (2m − 1) 1
2ms
: m ≥ n
}
.
Hence,
Hs3(X) =
{
∞ if s < 1
21−s if s > 1.
• On the other hand, observe that any cover of X through elements of Γn, for some
n ∈ N, must contain the set [0, 1
2
]. Accordingly, Hsn,4(X) ≥ 12s , for each n ∈ N, soHs4(X) ≥ 12s . Thus, for s > 1, it holds that Hs4(X) = 12s (since for the natural fractal
structure, Hs4(X) = 0), whereas for s < 1, Hs4(X) = 22s (since we can use the cover{[0, 1
2
], [1
2
, 1]}).
• Similar arguments to those applied to deal with the fractal dimension IV case allows
us to affirm that
Hs5(X) =
{
21−s if s < 1
2−s if s > 1.
However, for k = 6, it holds that the condition δ(F,Γn) → 0 is not required to reach
the identity inf{s : Hsk(F ) = 0} = sup{s : Hsk(F ) = ∞}, though it may be desirable. In
fact, for instance, in Counterexample 5.2, it holds that any cover of [0, 1] by elements of
level n, for some n ∈ N, must contain the subinterval [0, 1
2
]. Thus, Aδ,6(X) = ∅, for δ < 12 ,
so Hs6(X) =∞, for each s ≥ 0. Therefore, dim 6Γ(X) =∞.
Lemma 5.3. inf{s : Hs6(F ) = 0} = sup{s : Hs6(F ) =∞}.
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Proof. Fix δ > 0. Let C ∈ Aδ,6(F ), and t, s be positive real numbers. Then it holds that∑
A∈C
diam (A)t ≤ δt−s
∑
A∈C
diam (A)s. (4)
Hence,
Htδ,6(F ) ≤ δt−s Hsδ,6(F ). (5)
Moreover, if we take limits as δ → 0 in Eq. (5), then
Ht6(F ) ≤ Hs6(F ) lim
δ→0
δt−s.
Accordingly, if it is assumed that Hs6(F ) < ∞, provided that t > s, then Ht6(F ) = 0.
Therefore, dim 6Γ(F ) = inf{s : Hs6(F ) = 0} = sup{s : Hs6(F ) =∞}.
[Figure 2 about here.]
6. Counterexamples involving fractal dimensions for IFS-attractors
The main purpose in this section is to emphasize that some hypothesis required in
several Moran type theorems are necessary. These theoretical results, that we will recall
next, have been proved for fractal dimensions developed in the context of fractal structures
(recall Subsection 2.3). In this way, it is also worth mentioning that some of these models
allow to generalize classical fractal dimensions to fractal structures.
To deal with, firstly, recall that Moran’s Theorem (see Subsection 2.5) allows to easily
calculate both the Hausdorff and the box dimensions for strict self-similar sets coming from
Euclidean IFS satisfying the OSC. In fact, such a classical result throws both Hausdorff
and box dimensions as the solution of an equation which only involves the similarity
factors that give rise to the corresponding IFS-attractor.
Additionally, it is worth mentioning that the result provided below allowed its authors
to reach the equality between both box dimension and fractal dimension II for strict self-
similar sets whose IFS are under the OSC. Moreover, the calculation of such quantity is
immediate from the number of similarities in the IFS and their common similarity factor.
Theorem 6.1. ([14, Theorem 4.19]) Let F = {fi : i ∈ I} be an Euclidean IFS satisfying
the OSC, whose associated IFS-attractor is K. Moreover, let us assume that all the
similarities in F have a common similarity factor, c ∈ (0, 1). Thus, if Γ is the natural
fractal structure on K as a self-similar set, then
dim B(K) = dim
2
Γ(K) =
− log k
log c
. (6)
Next, we point out that the hypothesis regarding the equality among the similarity
factors in Theorem 6.1 becomes necessary.
Counterexample 6.2. There exists an Euclidean IFS F satisfying the OSC, having
different contraction factors, and whose associated IFS-attractor K, which is equipped
with its natural fractal structure as a self-similar set, satisfies that dim B(K) < dim
2
Γ(K).
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Proof. Let F be an Euclidean IFS, whose similarities f1, f2 : R −→ R are defined by
fi(x) =
{
x
2
if i = 1;
x+3
4
if i = 2.
Observe that their associated contraction factors are c1 = 1/2, and c2 = 1/4, respectively.
Moreover, it holds that K is a strict self-similar set. Further, we can also justify that
the IFS F satisfies the OSC. In fact, just take V = (0, 1), as an appropriate open subset.
Hence, the Moran’s Theorem allows to affirm that the box dimension of K is the solution
of the equation 1
2s
+ 1
4s
= 1. Thus, dim B(K) = log(
1+
√
5
2
)/ log 2. On the other hand, there
are 2n subintervals of [0, 1], in each level n of the fractal structure Γ, where the largest of
them has a diameter equal to 1/2n. Accordingly, dim 2Γ(K) = 1 > dim B(K).
In the next theorem, we explored which properties regarding the natural fractal struc-
ture on any Euclidean space could allow to generalize [14, Theorem 4.19]. In this way,
it is worth mentioning that, fixed a scale δ > 0, then it is satisfied that any Euclidean
subset F of Rd, with diam (F ) ≤ δ, intersects at most 3d δ-cubes. Given this, a similar
property in the more general context of fractal structures allowed the authors to find out
an additional link between fractal dimension II and box dimension.
Theorem 6.3. ([14, Theorem 4.13]) Let F be a subset of a metric space (X, ρ), and let
Γ be a fractal structure on X. Moreover, assume that there exists k ∈ N, such that, for
all n ∈ N, every subset A of X, with diam (A) ≤ δ(F,Γn), intersects at most k elements
in level n of Γ. Additionally, let us suppose also that δ(F,Γn)→ 0. Then,
(1) dim B(F ) ≤ dim 2Γ(F ) ≤ dim
2
Γ(F ) ≤ dim B(F ). Further, if there exists dim B(F ), then
dim B(F ) = dim
2
Γ(F ).
(2) If there exists a constant c ∈ (0, 1), such that c δ(F,Γn) ≤ δ(F,Γn+1), then dim B(F ) =
dim
2
Γ(F ), and dim B(F ) = dim
2
Γ(F ).
In this way, the following counterexample establishes the need for the main hypothesis
required in Theorem 6.3 in order to reach the equality between both the box dimension
and the fractal dimension II. Accordingly, while Counterexample 6.2 allows to guarantee
that all the similarity factors must be the same, the counterexample below shows that all
the contractions in F must be similarities, as well.
Counterexample 6.4. There exists an Euclidean IFS F , whose associated IFS-attractor
K, equipped with its natural fractal structure Γ as a self-similar set, satisfies that
dim B(K) 6= dim 2Γ(K).
Proof. Let I = {1, . . . , 8} be a finite index set, and (R2,F) be an Euclidean IFS, whose
associated IFS-attractor is K = [0, 1] × [0, 1]. In addition to that, let us define the
contractions fi : R2 −→ R2, as follows:
fi(x, y) =
{
(x
2
, y
4
) + (0, i−1
4
) if i = 1, 2, 3, 4;
(x
2
, y
4
) + (1
2
, i−5
4
) if i = 5, 6, 7, 8.
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Moreover, let Γ be the natural fractal structure on K as a self-similar set. First of all,
notice that the self-maps fi are not similarities but affinities, and that all the mappings
have the same contraction factor, namely, ci = 1/2, for all i ∈ I. Further, it also becomes
immediate that dim B(K) = 2. On the other hand, note that there are 8
n rectangles in
level n of Γ, whose dimensions are 1
2n
× 1
22n
. Thus, it is satisfied that
diam (A) = δ(K,Γn) =
√
1 + 22n
24n
,
for all A ∈ Γn. Hence,
dim 2Γ(K) = lim
n→∞
logNn(K)
− log δ(K,Γn) = limn→∞
3n log 2
−1
2
log 1+2
2n
24n
= lim
n→∞
3n log 2
n log 2
= 3.
In addition to that, let us find out the ratio between δ(K,Γn) and each side of any
1
2n
× 1
22n
-
rectangle. In fact, it holds that
√
1+22n
24n
1
22n
=
√
1 + 22n > 2n, and that
√
1+22n
24n
1
2n
=
√
1 + 1
22n
≥
1
2n
, for all n ∈ N. Therefore, each subset A of K, whose diameter is at most equal to√
22n+1
24n
, intersects at most 3 2n+1 elements A ∈ Γn. Consequently, given that such a
quantity depends on each n ∈ N, then we conclude that the key hypothesis in Theorem
6.3 is not satisfied.
In [13], the authors contributed an interesting theorem in the line of the Moran’s
classical one, which allowed them to calculate the so-called fractal dimension III as the
solution of an easy equation which only involves the similarity factors associated with each
similarity in the corresponding IFS. The main advantage of such a result lies in the fact
that the OSC is not required to be satisfied by that IFS, in order to apply that theoretical
result. However, if the OSC is also satisfied, then such a fractal dimension equals both
box and Hausdorff dimensions. It is worth mentioning that these results make use of the
natural fractal structure that each self-similar set can be equipped with (recall Definition
2.7). Next, we recall that result.
Theorem 6.5. ([13, Theorem 4.20]) Let F be an IFS on a complete metric space, whose
associated IFS-attractor is K. In addition to that, let ci be the similarity factor associated
with each similarity fi ∈ F , and assume that Γ is the natural fractal structure on K as a
self-similar set. Then, it is satisfied that∑
i∈I
c
dim 3Γ(K)
i = 1.
Furthermore, it is also satisfied that Hdim 3Γ(K)3 (K) ∈ (0,∞).
We would like to point out, through the following counterexample, that the hypothe-
sis regarding the strict self-similarity of the IFS-attractor in Theorem 6.5, still becomes
necessary.
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Counterexample 6.6. ([13, Remark 4.21]) There exists an Euclidean IFS F , whose
associated (non-strict) IFS-attractor K, which is equipped with its natural fractal structure
as a self-similar set, satisfies that s 6= dim 3Γ(K), where s is the solution of the equation∑
i∈I c
s
i = 1, and ci is the contraction factor associated with each contraction fi ∈ F .
Proof. Let I = {1, . . . , 8} be a finite index set, F = {fi : i ∈ I}, and (R2,F) be
an Euclidean IFS, whose associated IFS-attractor is K = [0, 1] × [0, 1]. Moreover, let
fi : R2 −→ R2 be the contractions given by
fi(x, y) =
{
(−y
2
, x
4
) + (1
2
, i−1
4
) if i = 1, 2, 3, 4;
(−y
2
, x
4
) + (1, i−5
4
) if i = 5, 6, 7, 8.
First of all, observe that the self-similar set K is not strict. Further, it holds that the
contractions fi are compositions of affine maps: rotations, dilations (in the plane and
with respect to one coordinate), and translations. Moreover, it is also clear that all the
contractions fi have the same contraction factor, equal to 1/2. Thus, s = 3 is the solution
of
∑
i∈I c
s
i = 1.
On the other hand, we affirm that dim 3Γ(K) = 2. To show that, let us calculate the fractal
dimension III of K through [13, Theorem 4.17]. In fact, let us start by analyzing the even
levels in Γ. Thus, for all n ∈ N, it holds that every level Γ2n consists of squares having
sides equal to 1/8n. Moreover, it is also clear that diam (A) = δ(K,Γ2n) =
√
2/8n, for all
A ∈ Γ2n. This implies that δ(K,Γ2n)→ 0. Now, let us check the main hypothesis in [13,
Theorem 4.17]. Thus, let us calculate the maximum number of elements in Γ2n which are
intersected by a subset B, whose diameter is at most equal to
√
2/8n. In fact, the ratio
between the diameter of each square in Γ2n and its side is
√
2 < 2, which allows to state
that the number of elements in A2n(B) is at most 3 in each direction, for all subset B
having diam (B) < δ(K,Γ2n). Accordingly, we can choose k = 9 as a suitable constant
for the even order levels in the fractal structure Γ.
Similarly, it can be checked that all the odd order levels Γ2n+1 consist of rectangles whose
dimensions are 1
2·8n × 14·8n . Further, observe that all the elements in each level Γ2n+1 have
the same diameter, equal to
√
5
4·8n . Hence, the sequence of diameters δ(K,Γ2n+1) also goes
to 0. To check that, the following ratios between the diameter and the sides of each
rectangle yields:
1
4
·
√
5
8n
1
2
· 1
8n
=
√
5
2
< 2, and
1
4
·
√
5
8n
1
4
· 1
8n
=
√
5 < 3, respectively. Therefore, each subset
A whose diameter is at most equal to δ(K,Γ2n+1), has to intersect, at most, to k = 12
elements in each odd level Γ2n+1.
Consequently, the main hypothesis in [13, Theorem 4.17] is satisfied. Thus, dim B(K) =
dim 3Γ(K) = 2.
Recall that the next corollary follows as a consequence of both Theorem 6.5 and
classical Moran’s one.
Corollary 6.7. ([13, Corollary 4.22]) Let F be an Euclidean IFS satisfying the OSC,
whose associated IFS-attractor is K. Thus, if Γ is the natural fractal structure on K as
a self-similar set, then the following chain of equalities holds:
dim B(K) = dim
3
Γ(K) = dimH(K).
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However, as the next counterexample states, Corollary 6.7 cannot be improved in the
sense that the OSC is still needed in order to achieve such a result.
Counterexample 6.8. ([13, Remark 4.23]) There exists an Euclidean IFS F (not satisfy-
ing the OSC), whose associated IFS-attractor K, equipped with its natural fractal structure
Γ as a self-similar set, satisfies that dimH(K) 6= dim 3Γ(K).
Proof. Let I = {1, 2, 3} be a finite index set, F = {fi : i ∈ I}, and (R,F) be an Eu-
clidean IFS, whose associated IFS-attractor K = [0, 1], satisfies the following Hutchinson’s
equation: K =
⋃
f∈F f(K). Further, let fi : R −→ R be the contractions defined as
fi(x) =

x
2
if i = 1;
x+1
2
if i = 2;
2x+1
4
if i = 3.
Moreover, let also Γ be the natural fractal structure on K as a self-similar set. Firstly,
observe that all the contractions fi are similarities having a common similarity factor,
equal to 1/2. Therefore, K is a strict self-similar set on the real line. Thus, Theorem
6.5 gives that dim 3Γ(K) is the solution of
∑
i∈I c
s
i = 1. Thus, dim
3
Γ(K) = log 3/ log 2.
On the other hand, both [13, Theorem 4.10] and [14, Theorem 4.15], lead to dim 1Γ(K) =
dim 2Γ(K) = log 3/ log 2 = dim
3
Γ(K), since all the elements in level n of Γ have a diameter
whose order is equal to 1/2n. Finally, we affirm that F does not satisfy the OSC. In fact,
suppose the opposite. Then Corollary 6.7 would imply that dim 3Γ(K) must be equal to
dimH(K) = 1, which is a contradiction. Hence, the result follows.
7. Counterexamples to highlight that some fractal dimensions do not coincide
in general
Fractal structures allow to generalize the classical models of fractal dimension in the
more general context of GF-spaces. To deal with, some new models for fractal dimension
with respect to a fractal structure have been explored along this paper (recall Subsection
2.3). It turns out that each one of them presents some properties and features that
make it more appropriate than the rest of them depending on each specific context.
Moreover, some results have been explored in previous works in order to achieve equalities
between those fractal dimension definitions. We would like to point out that these kind of
theoretical results allow to interplay these definitions to powerful their effect, as Falconer
states in the context of classical fractal dimension models (see [10, Subsection 3.2]). It
is worth mentioning that this kind of theoretical results involve conditions regarding the
elements of a fractal structure and restrictions about the construction of IFS-attractors,
as well. In this section, though, we provide some counterexamples that emphasize the
fact that several fractal dimension models for a fractal structure do not agree, in general.
To start with, we state that fractal dimensions I and II do not always match.
Counterexample 7.1. ([14, Remark 3.11 & Remark 4.9]) There exist a subset F of a
given space X, as well as a fractal structure Γ on X, such that dim 1Γ(F ) 6= dim 2Γ(F ).
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Proof. Let X = R, C be the middle third Cantor set, and Γ be the natural fractal
structure on C as a self-similar set. Then it holds that
dim 2Γ(C) = lim
n→∞
log 2n
− log 3−n =
log 2
log 3
,
since in each level Γn of that fractal structure, there are 2
n “subintervals” whose diameters
are equal to 1/3n. That argument also remains valid to get dim 1Γ(C) = 1.
The following counterexample points out that fractal dimension III can be different
from both fractal dimensions I & II.
Counterexample 7.2. There exists an Euclidean IFS F , whose associated IFS-attractor
K, equipped with its natural fractal structure Γ as a self-similar set, satisfies that
dim 1Γ(K) = dim
2
Γ(K) 6= dim 3Γ(K).
Proof. In fact, let I = {1, 2, 3} be a finite index set, F = {fi : i ∈ I}, and (R,F)
be an Euclidean IFS, whose associated IFS-attractor K = [0, 1], satisfies the following
Hutchinson’s equation: K =
⋃
f∈F f(K). Moreover, let fi : R −→ R be the contractions
given by
fi(x) =

x
2
if i = 1;
x+2
4
if i = 2;
x+3
4
if i = 3.
On the other hand, let Γ be the natural fractal structure on K as a self-similar set. It
becomes also clear that the maps fi are similarities, so the IFS-attractor K is a strict
self-similar set. We also affirm that F satisfies the OSC. In fact, just take V = (0, 1)
as an appropriate open set. Thus, notice that [13, Corollary 4.22] leads to dim 3Γ(K) =
dim B(K) = dimH(K) = 1. Furthermore, note that in each level n of the fractal structure
Γ, there are 3n subintervals contained in [0, 1]. Hence, since δ(K,Γn) = 1/2
n, then
dim 2Γ(K) = log 3/ log 2 = dim
1
Γ(K). In fact, that result becomes straightforward by
applying both Definition 2.3 (2) and [14, Theorem 4.15], respectively.
It is worth mentioning that the unique choice in order to study the fractal dimension
of a curve through the classical models for fractal dimension is to calculate the fractal
dimension for the graph of the curve. In addition to that, fractal dimension III (intro-
duced in Definition 2.4 and calculated as in [13, Theorem 4.7]) still could be applied for
that purpose. In fact, this fractal dimension model for a fractal structure considers the
structure of the curve as well as the complexity of the procedure applied in order to gen-
erate it. To deal with, first we define an appropriate induced fractal structure on (the
parametrization of) any curve from a fractal structure on the closed unit interval.
Definition 7.3. ([17, Definition 3.1]) Let α : [0, 1] −→ X be a parametrization of a
curve, X be a metric space, and Γ be a fractal structure on [0, 1]. Thus, the fractal
structure induced by Γ on the image set α([0, 1]) ⊆ X, is defined as the countable family
of coverings ∆ = {∆n}n∈N, where its levels are given by ∆n = α(Γn) = {α(A) : A ∈ Γn}.
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The fractal dimension for the parametrization of a given curve can be defined from
both the induced fractal structure (as given in Definition 7.3) and the fractal dimension
III model, as follows:
Definition 7.4. ([17, Definition 3.3]) Let ρ be a distance on X, and α : [0, 1] −→ X be a
parametrization of a curve. Let also Γ be a fractal structure on [0, 1], and ∆ be the fractal
structure induced by Γ on the image set α([0, 1]) ⊆ X. Then the fractal dimension of the
(parametrization of the) curve α is defined as dim Γ(α) = dim
3
∆(α([0, 1])). Further, if no
additional information regarding the starting fractal structure Γ is provided, then we will
assume that Γ is the natural fractal structure on [0, 1]. In that case, the fractal dimension
of the curve will be denoted, merely, by dim (α) = dim 3∆(α([0, 1])).
The next counterexample we provide presents a curve which, as the classical Hilbert’s
curve does, also fills the whole unit square, though its fractal dimension does not agree
with its box dimension nor its Hausdorff dimension. Thus, it shows that Definition 7.4
of fractal dimension results more accurate than the classical models of fractal dimension,
since it also takes into account the procedure followed to construct it.
Counterexample 7.5. A modified Hilbert’s curve β, which crosses twice some elements
in each level of its induced fractal structure ∆, can be constructed in order to prove that
its fractal dimension is different from both its box and its Hausdorff dimensions, which
are calculated with respect to the image set β([0, 1]).
Proof. Indeed, let Γ = {Γn}n∈N be a fractal structure on [0, 1], whose levels are given by
Γn =
{[ k
5n
,
k + 1
5n
]
: k ∈ {0, 1, . . . , 5n − 1}
}
.
Let us consider also the curve β : [0, 1] −→ Y , that we will define through [17, Theorem
3.6], where Y = [0, 1] × [0, 1] has been equipped with the Euclidean distance. Moreover,
let also ∆ be the fractal structure induced by Γ on β([0, 1]). Thus, the definition of the
modified Hilbert’s curve is given by the sequence of maps {βn}n∈N, where the description
of each map βn : Γn −→ ∆n, is illustrated in Figure 3 for its first two levels. Observe that
the polygonal line shows the procedure that must be followed in order to fill the whole
unit square in each stage.
Moreover, notice that the elements in the first level ∆1 of the induced fractal structure
are given as β([0, 1
5
]) = β([1
5
, 2
5
]) = [0, 1
2
]2, β([2
5
, 3
5
]) = [1
2
, 1]× [0, 1
2
], β([3
5
, 4
5
]) = [1
2
, 1]2, and
β([4
5
, 1]) = [0, 1
2
] × [1
2
, 1], for instance. Notice that the subsequent levels can be obtained
in a similar way. In addition to that, it holds that dim B(β([0, 1])) = dimH(β([0, 1])) = 2,
since the modified Hilbert’s curve fills the whole unit square.
On the other hand, Hsn(β([0, 1])) = (
√
2)s ( 5
2s
)n, since there are 5n “subsquares” (having
a diameter equal to
√
2/2n, each) which intersect β([0, 1]) in level n of the induced fractal
structure ∆. Accordingly,
Hs(β([0, 1])) =

∞ if s < log 5
log 2
;√
5 if s = log 5
log 2
;
0 if s > log 5
log 2
,
which leads to dim (β) = log 5/ log 2.
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[Figure 3 about here.]
Counterexample 7.6. There exist a certain subspace X, as well as a fractal structure
Γ on X, such that dim 3Γ(X) 6= dim 5Γ(X), and dim 3Γ(X) 6= dim 4Γ(X).
Proof. Let X = β([0, 1]), and Γ be as ∆ in Counterexample 7.5. Firstly, recall that
Counterexample 7.5 gives that dim 3Γ(X) = log 5/ log 2. On the other hand, note that the
fractal dimension V of X with respect to the natural fractal structure is equal to 2, and
hence, dim 5Γ(X) = 2, due to the relationship between Γ and the natural fractal structure.
Similarly, dim 4Γ(X) = 2.
Interestingly, the fractal dimension IV introduced in Definition 2.5 (1) provides an
intermediate model between the Hausdorff and the box dimensions, as the following coun-
terexample establishes.
Counterexample 7.7. (1) There exist a subset F of a metric space (X, ρ), and a fractal
structure Γ on X, such that dim 4Γ(F ) < dim B(F ).
(2) There exist a subset F of a metric space (X, ρ), and a fractal structure Γ on X, such
that dimH(F ) < dim
4
Γ(F ).
Proof. (1) Let Γ be the natural fractal structure on [0, 1], and F = {0, 1, 1
2
, 1
3
, . . .}. First,
note that [10, Example 3.5] yields dim B(F ) = 1/2. Thus, since F is a compact
Euclidean subset, then [15, Theorem 3.12] leads to dim 4Γ(F ) = dimH(F ) = 0, since
F is countable.
(2) Let Γ be the natural fractal structure on X = [0, 1], and F = Q∩X. Thus, note that
[15, Theorem 3.13] yields dim 4Γ(F ) = dimH(F ) = 1, though dimH(F ) = 0.
Further, it holds that fractal dimensions IV and V do not always coincide.
Counterexample 7.8. There exist a subset F of a certain space X, as well as a fractal
structure Γ on X, such that dim 4Γ(F ) 6= dim 5Γ(F ).
Proof. Let Γ be the natural fractal structure on X = [0, 1], and F = Q ∩X. Thus, [15,
Theorem 3.13] leads to dim 4Γ(F ) = dimH(F ) = 1, whereas [15, Theorem 3.10] gives that
dim 5Γ(F ) = dimH(F ) = 0.
Nevertheless, though both Hausdorff dimension and fractal dimension VI implicitly
assume that δ(F,Γn) → 0, they do not coincide, in general, as the following example
establishes.
Counterexample 7.9. There exist a certain space X, as well as a fractal structure Γ on
X, such that dimH(X) 6= dim 6Γ(X).
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Proof. Let Γ = {Γn}n∈N a fractal structure on X = R2, whose levels are given as follows:
Γn =
{[
k
2n
,
k + 1
2n
]
× {x} : k ∈ Z, x ∈ R
}
.
In other words, it is considered the natural fractal structure on each horizontal straight
line in R2. Thus, while the fractal dimension VI for each horizontal subinterval is equal to
1, the fractal dimension VI for each vertical subinterval is equal to ∞, since Aδ,6(X) = ∅.
This is due to the fact that there are no countable coverings by elements in the fractal
structure Γ, since its elements are horizontal segments which do intersect the vertical ones
just in a single point. It is also worth mentioning that the topology induced by such a
fractal structure Γ does not agree with the usual topology.
Finally, we would like to end the paper through an interesting open question involving
fractal dimensions V and VI.
Open question 7.10. Does there exist a fractal structure Γ on a space X and a subset
F ⊆ X with δ(F,Γn)→ 0 and such that dim 5Γ(F ) 6= dim 6Γ(F )?
Recall that some conditions regarding the fractal structure were provided in [15, The-
orem 3.7] in order to reach the equality dim 5Γ(F ) = dim
6
Γ(F ).
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Figure 1: Sketch regarding the first level in the construction of the fractal structure appeared in Coun-
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Figure 2: Graphical representation of s vs. Hs3(F ), where F = [0, 1] × [0, 1], and Γ is its natural fractal
structure (note that δ(F,Γn) 9 0) (above), and plot of s vs. Hsk(F ) : k = 3, 4, 5, under the assumption
δ(F,Γn)→ 0, which, however, is not required for fractal dimension VI (see Lemma 5.3).
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Figure 3: First two levels in the construction of the modified Hilbert’s curve.
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Table 1: The table above contains those analytical properties that are satisfied by all the fractal dimension
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